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INTRODUCTION

With the digitial computer firmly established as a
research tool used by the scientist and engineer alike, a
careful examination of some of the techniques used to solve
the probklems faced by the scientific user is warranted,
This paper describes a test undertaken to determine the
effectiveness of two different programming languages in
providing solutions to numerical analysis problems found
in scientific investagation. Some of the guestions asked
were; 1) Can APL compete with a batch processed FORTRAN
jok in solving common numerical analysis problems?
2} Is it useful to trade execution speed for code density
or vice-versa? 3) Is 4APL an easier language, from the
view~point of the novice user, in which to code his problem?
4) Can 4PL be cost effective in an environment where large

"number-crunching” prcblems are an everyday event.

These questions were asked with the hope of clearing
up some of the false ideas held about both FORTRAN and APL
amounyg scientific programmers. The FORTRAN community
holding that a fast object module is well worth the coding
and compllation expense, while the APL advocate stating that
compact on-line solutions provide faster resolution of the
users problems. The test results may be interpretered in
many ways and it is hoped that the results will lead to more
exploration of this field of computing; i.e. the cost

affective solution to a specific numerical problem.
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TEST METHOD

The selected algorithms were coded in 4PL and FORTRAN.
The FORTRAN programs were compiled under G-Level IBM FORTRAM
and ran as batch jobs, while the APL programs ran under
Scientific Time Sharing's version of the IBM program product.
A benchmark function was used to record the AFPL I-Beam 21 time
as a measure of the CPU execution time., It is not quite clear
as to what I-Beam 21 actually measures in terms of monitor
overhead, but it is the only neans available to the user to
record his execution time. For the FORTRaAN programs, the
execution time in the GO step was recorded from the batch
'accounting sheet attached to the listing. These times were
compared in an effort to determine some type of cost analysis
between the two languages. The results are far from conclusive
but do point out some basic trends in the use of 4PL undex
scientific programming conditions. Although the selected
algorithms may be rejected as meaningful benchmarks by some,

there are lessons to be noted in each case.

The DATA section includes timings of FORTRAN and APL
along wiht the dimensions of the data arrays used in running
the algorithm. This information is presented graphically in
an attempt to project the results to larger systems of test

data.

DESCRIPTION OF ALGORITHMS

The following algorithms were choosen to be used
in the comparsion test:

1) Romberyg Integration

2) Bailirstow's Root Finding Method

3) Jacobi's Eigenvalue Method

4} Gauss~Jordan Scolution to Linear Systems

5) Runga~Kutta Solution to Differential Equations

6) Laplace’s Solution to Partial Differential Equations
These algorithms were choosen from the original objectives
but do not represent a complete set of numerical analysis

procedures to be used in solving the subject area objectives.

Listed on the following pages is an outline of the
individual algorithms, along with the listings of the

APL and FORTRAN programs implementing the algorithms.
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BAIRSTOW'S METHOD FOR FINDING COMPLEX ROOT IN A POLYNOMIAL

PURPOSE:

CONVENTION:

SUBROUTINES ¢

METHOD :

Compute the real and complex roots of the
real polynomial

p(x) = ey + DL + . . .+ c

using Balrstow's iterative method of
quadratic factorization.
The polynomial coefficients and the initial
starting roots are passed as arguments to
both programs. (See individual programs for
details.)
FORTRAN, None.
APL, Q - solves roots of quadratic
equation.

S - performs synthetic division.

Every real polynomial of degree greater than

one can be factored in the form

il

p(x) g(x) r(x)

where

]

2
q(x) X%+ gyx + gy

is gquadratic. If q(x) is reducable, that is

if g(x) is a product of two real linear factors

p{x) has a pair of real roots; and if q(x} is
irreduciable, p(x) has a complex conjugate

pair of roots. If r(x) has degree exceeding

one, it too may be factored as above, and so on.

REFERENCE :

SOURCE :

Scientific Subroutine Package, International

Business Machines, H20-02025-3
FORTRAN, John L, Richardson, U. C. Irvine

APL, John L. Richardson, U. C, Irvine



JACOBLITE

PURPGSE

CONVENTLON ¢

ARGUMENTE ;

SUBBOUTINES

METHOD:

EIGEHVALUE METHOD FOR REAL

SYMMBETRIC M2

Find the eigenvalues and eigenvectors of
the real symmetrico matriz defined as

Wb

AT = B

With the matrix A iz asscoiatsd a set of
gealar elgenvalues

(i}

o where i

i

1,2,...,n
and elgenvectors

(i)

& whers

Joe= 1,2,00.,0
satisfy the relation
A &(1) - a(a} a{z}

wheyra &{i) are colwmn YeoLord.

The real symmetric matrix and the convergence
tolerance are given as arguments to both the
FPORTRAN and APL programs.,

Hone.

The procedurse is in three pasris. First an
orthogonal similarity transformation

C=P AR

takes place, which reduces A to s matrix in
tridiagonal form., The second step 1 the

calenlation of some or 8ll of the slegnvalues
of ¢, while the third step is the calgulabtion
of the corresponding eligenvectors of A. (See

reference for a more detalled discussion.)
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GAUSS-JORDAN SOLUTION TO SYSTEMS OF LINEAR EQUATIONS

PURPOSE :

CONVENTION:

SUBROUTINE:

METHOD :

REFERENCE :

SOURCE:

Find the solution to the system of linear
equations given in the form of an augmented
matrix A such that

A= [B | ul I]
The coefficients of matrix B, the vector u
and the identity matrix I are given as
arguments to both the progranms.
None.
Let the starting array be the n by (nt+m)
augmented matrix A, consisting of an n by n
coefficient matrix with m appended columns.
Let k = 1,2,...,n be the pivot counter, so
that a,, th
of the reduction. It is understood that the

values of the elements of A will be modified

during computation by the follow algorithm

a, .
« X3 for j = n+m,n4+m-1,...,k
Fxk

akj

i3 %3 T %ik%kj

and 1 = 1,2,...,n (izk) and k = 1,2,,

Brice Carnahan, Applied Numerical Methods,
John Wiley and Sons, 1969
FORTRAN, Glen B. Alleman, U.C. Irvine

APL, VEC B MAT (GENERIC FUNCTION)

is the pivot element for the k pacs

for j = ntm,n+m~1,...,k

..,n

RUNGA~KUTTA SOLUTION TO ORDINARY DIFFERENTIAL EQUATIONS

PURPOSE:

CONVENTION:

USE:

SUBROUTINES :

METHOD :

Integrate a given differential equation
of the form

a
‘&}X{‘ = £ (le)
using the Runga=-Kutta technigue.

The ordinary differential equation

d;
5L = £xy)

with the initial condition

Y(XO) =¥,
is solved numerically using the fourth-
order Runga-Kutta integration process.
This is a single step method in which the

value of y at x = X is used to compute

Vil = ¥ (¥pep) -

The equation to be integrated must be provided

by the uéer along with the initial conditions

and the step increment.

FORTRAN, FUN - user defined function containing
the function to be integrated.

APL, FUN ~ same as above.

Given the formula

~ 1
Yne1 = ¥n * glkg + 2k + 2k, + kil

where for a given step size h

12



REFERENCE :

~ BOURCE:

e
it

0 hf(Xn ’ yn)

=
i

1 = hE(x +h/2 , vy + Kk, /2)

ko
il

g = hEl(x +1h/2 , y +k/2)

I

w
i

5 =hE(x +h ,y +k)

Erwin Kreyszig, Advanced Engineexring

Mathematics, John Wiley and Sons, 1972

Henrici, Discrete Variable Methods in

Ordinary Differential Equations, John Wiley

and Sons, 1962
FORTRAN, Glen B. Allemand, U.C. Irvine

APL, Glen B, Alleman, U.C. Irvine

LAPLACE 'S EQUATION : STEADY STATE HEAT FLOW PROBLEM

PURPOSE:

CONVENTION;

USE:

SUBROUTINES:

METHOD :

Solve the second order partial differential

equation
2 2
87U, UL gy =
ax* ay?

This is a boundary value problem envolving
a closed surface R of finite dimension. The
solution is found in terms of a steady state
flux from a fixed boundary source.
The boundary values must be defined for a
given rectangular array along with the
tolerance used to determine the condition of
steady state.
None.
Given

Y2y = 0 in the region R
and

u{x,y) = g(x,y) on the surface S
with Mx and MY being integers such that

and Ay = %
X Y

Ax =

{1~

giving the finite differnece equation

Vo 4 s m 2V, LAV, oL VoL =2V, L+ VY,
i-1,3 i3 i+1l,3 , "i,3-1 2i,5 % Vi

(ax)? (ay)?



REFERENCE :

SOURCE ¢

or producing Laplace's differnece eguation

Vie1,3 F Vie1,3 T Vi -0 Y Y90

i,3
4
with 1 = 1,2,...,Mx—l and j = 1,2,...,Myﬂl

Brice Carnahan, Applied Numerical Methods,

John Wiley and Sons, 1969
FORTRAN, Glen B, Alleman, U.C. Irvine

APL, John L. Richardson, U.C. Irvine

DATA ANALYSIS

The following section provides a brief discussion of
the data produced during the comparsion test. No attempt
has been made to throughly explain the results of the test
due to the extreme complex nature of the individual
language's internal operatiom. The results can be viewed
then from a more simplistic point of reference; that is both
FORTRAN and APL can be considered virtual machines running
on a host méchine whos internal operation is not known to
the user. What we were attempting to measure then, was how
much effort each language must expend to perform a given

algorithm.

ROMBERG INTEGRATICN OF FOURIER COEFFICIENTS

This problem uses the Romberg integration technique

to compute the Fourier coefficients of a user defined function.

Although both the FORTRAN and APL programs loop many times
there is a large difference in the execution times, with

the FORTRAN program copsuming six to seven times the cpu

time of the APL program. This difference may be attributed

to the intial set up time required for the FORTRAN program

to compute the indices to the Romberg tableaus. The manip-
ulation of the Romberg tableaus in APL is done through

vector operations while it is done through individual
components in the FORTRAN version. It should be noted then
that operations with multi-dimensional arrays are considerably

slower on FORTRAN,

14



BAIRSTOW'S ROOT FINDING METHOD

This algorithm iterates to find the real and complex
roots of a user defined polynomial. Once again the large
difference in execution time is noted. Both the FORTRAN
and 4P[ programs are coded in a similar manner with each
performing approximatly the same number Of iterations.
Since APL has to set up and interpret each section of code
and the overhead for this operation is expensive in terms

of execution time.

JACOBI'S EIGENVALUE METHOD
Jacobi's method again is an iterating algorithm and
the APL execution times reflect this fact. Although there

are an equal number of arithmetic operations performed, it

is the looping operation that comsumes the largest amount of

computing time,
GAUSS~JORDAN °

This was a loaded algorithm as APL can solve systems
of equations using a machine language internal operation.
The reason for this comparsion was to determine if a well

coded FORTRAN algorithm could come close to the generic

operation domino (#). It is obivious this primative function

is a powerful tool in solving linear systems,

RUNGE-RKUTTA SOLUTION TO DIFFERENTIAL EQUATIONS

Thig algorithm was loaded in favor of FORTRAN by
coding it in an identical manner in 4PL. (See program
listings). As can be seen from the data, coding an APL
program in the style of FORTRAN has disastrous results.
A look at the graph will show this type of coding should

never be used except in the most simplist applications.

LAPLACE'S EQUATION

This algorithm is tailored to APL's ability to handle
multi-dimensional arrays directly. The only limitation
seems to be the workspace required to store two copies
of the temperature grid when deoing the matrix operations,
a problem not faced by the FORTRAN user operating in an

80K partition,



TEST DATA FOR: ROMBERG INTEGARTION OF FOURIER COEFFICIENTS

FORTRAN FUNCTION
SIN X
cos X
2 SIN 2x
2 COS 2%

2 COS X +3 SIN 2X

APL FUNCTION

SIN X

Cos ¥
2 SIN 2X
2 COs 2X

2 CoOs X + 3 SIN 2x

TIME/s
2min  6,44s
2min 10.21s
2min  9.83s
2min  4.83s

2min 56.73s

TIME/s
Omin 18.51s
Omin 19.00s
Omin 19.83s
Omin 22.11s

Omin 25.10s

STORAGE
SOURCE /L,OAD MOD.

7698 / 34040 BYTES

STORAGE
PROGRAM/DATA

4000 BYTES

TEST DATA FOR: GAUSS~JORDAN REDUCTION

FORTRAN SIZE OF MATRIX TIME/s
4 0.183s
6 0.433s
8 0.600s
10 0.916s
12 1.433s
14 1.733s
16 2.526s

APL SIZE OF MATRIX TIME/S
4 0.01l6s
6 0.016s

8 0.034s

10 0,050s

12 0.067s

14 0.100s

16 0.125s

STORAGE
SOURCE/LOAD MOD.

8954 / 39854 BYTES

STORAGE
PROGRAM/DATA

(ORDER) *2 + ORDER



GAUSS-JORDAN REDUCTION
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SIZE OF MATRIX

TEST DATA FOR: BAIRSTOW ROOT FINDING METHOD

STORAGE
FORTRAN DEGREE OF PQOLY. TIME/s SOQURCE /LOAD MOD.

5th 0.36s 10118 / 23040 BYTES
6th 0.37s
7th 0.35s
gth 0.37s
\ ot 0.40s
oth 0.40s
1150 0.44s
120 0.45s

STORAGE
4PL DEGREE OF POLY.  TIME/S PROGRAM/DATA

5th 1.93s 2436 / 4*ORDER BYTES
eth 2.80s
7th 2.25s
gth 2.53s
oth 7.28s
10th 4.10s
11th 10.60s
12th 12.27s

17



BAIRSTOW ROOT FINDING

APL

FORTRAN

T4V 904 SANOOFS NI FWIL d0 50T
NYIIH0d ¥0d SANODES NI EWIL

.

o wn
. .

-~ (=)

12

11

10

ORDER OF POLYNOMIAL

TEST DATA FOR: RUNGE-KUTTA INTEGRATION OF DIFFERENTIAL EQ'S

FORTRAN NO. POINTS TIME/s
f(x)=exp(~x2) 30 0.38s
300 1.38s

3000 10.10s

APL NO. POINTS TIME/s
f(x)=exp(~x2) 30 0.39s
300 3.55s

3000 35.57s

STORAGE
SOURCE/LOAD MOD.

998 / 21912 BYTES

STORAGE
PROGRAM/DATA

560 / 12 BYTES

18



RUNGE-KUTTA DIFFERENTIAL EQUATIONS

TEST DATA FOR: JACOBI'S EIGENVALUE METHOD
STORAGE
FORTRAN SIZE OF MATRIX TIME/s SOURCE/LOAD MOD.
3 0.38s 11042 / 31296 BYTES
4 0.43s
E 5 0.48s
Q
6 0.58s
: g
& ” 7 0.66s
8 0.76s
9 0.92s
a
% 10 1.09s
4 11 1.24s
|
Z. 12 1.47s
S 8 13 1.75s
" A STORAGE
I APL SIZE OF MATRIX TIME/s PROGRAM/DATA
& 3 0.25s 516 / (ORDER) *2
@
g 4 0.67s
’ 2 5 l.42s
6 3.43s
7 6,028
o
® 8 11,225
9 18.52s
10 26.78s
11 35.15s
12 42.35s
13 59.72s
14V ANY NYIIN0d SANOOHS NI AWIL

35.0

10.0
5

o

L3 . »
Te] o wy
~N (3] L)

30.0
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o
i
TEST DATA FPOR: LAPLACE'S EQUATION
o STORAGE
FORTRAN SIZE OF GRID TIME/s  SOURCE/LOAD MOD.
§ . 4 x4 0.33s 8626 / 28528 BYTES
el
6 % 6 0.36s
&
9 8 x 8 0.45s
[«
~ 10 x 10 0.71s
12 x 12 1.03s
N
14 x 14 1.65s
8
E 16 x 16 2.61s
% w X
‘ d 18 x 18 4.04s
& B
5 & 20 x 20 5.88s
= ~ U
a E‘ 22 x 22 8.57s
o £
= g 24 x 24 12.25s
1] O
:_‘ w
@ STORAGE
9 5 APL SIZE OF GRID TIME/S PROGRAM/DATA
& &
Lw] [Ts]
B 1x 4 0.44s (GRID SIZE)*2
) 6 x 6 0.70s
<« o
8 x 8 1.11s
10 x 10 1.61s
” 12 x 12 2.27s
14 x 14 3.00s
16 x 16 4.02s
18 x 18 5.12s
20 x 20 6.05s
74V ¥0d SANODIES NI EWIL 50T
NYEIMOd ¥Od SANODES NI EWIL 22 x 22 7.23s
24 x 24 8.52s




LAPLACE'S EQUATION

APL

,/////i/////;;RTRAN

74V ANV NYEIYO0d SANODIS NI HWIL

12.0

12 14 16 18 20 22 24

10 ,
SIZE OF TEMP.

GRID

CONCLUSION

While this study is far from complete, it does point
to some interseting facts concerning the use of APL in a
numerical analysis application. Breed and Lathwell [1] have
reported execution times for 4PL which are 5 to 10 times
glower than compiled FORTRAN code, while Foster [2] has
reported execution times between 4 to 15 times faster for
FORTRAN compiled code opposed to interpreted AP/ code.
These execution times are comparable to the times found
during the test conducted in this paper. Under our test
conditions the range of execution time went from 4 to 1 in

to 50 to 1 in favor of compiled FORTRAN code.

favor of 4

Examining the cases where APL is faster than FORTRAN
it is noted that 4P takes advantage of its array operations
to overcome the need to index multi-dimensional arrays
directly as FORTRAN has to do. In the case of the solution
to Laplace's equation APL uses matrix rotations to solve
the extrapolation formula versus the individual index
operations needed in FORTRAN to perform the same algorithm.
Although the initial setup time in APL is longer (see curve)
it is clear that by extending the curve of execution times
leads one to conclude that for large systems of steady-state
grids APL would be significantly faster than FORTRAN. In the
second case of a ¢oded APL program being faster than FORTRAN
compiled code, vector operations were used in place of

individual indexing. This was the Romberyg integration of

21



Fourier coefficients. 1In the APL program RH0OM, the Romberg
tableau was reduced using vector operations on the rows of

the matrix, where the FORTRAN program was forced to perform

an element by element index to reduce the same dimension
matrix., For a given W x N matrix, 4APL does N vector operations
where FORTRAN does N? operations. The obvious conclusion
being, an algorithm which is orientated toward array operations,
either vector or multi-dimensional, runs fasgter when coded

in APL, due to its ability to handle such structures directly.
In the third case where APL was faster, the Gauss-Jordan
reduction algorithm, an 4P7 primative function was run against
a hand-coded FORTRAN program. As expected the APL domino

wasg much faster than FORTRAN, owing this speed to the machine-
coded nature this generic function. In all cases where A4PL

was faster than PORTRAN compiled code there are potential
limitations on the size of the data arrays APL can handle.

In an IBM 36K workspace the largest grid possible in Laplace's
equation is a 24 x 24. Although this size may be useful from
the demonstrative standpoint it imposes real limitations on

the solution to large steady-state problems found in engineering
and physics. It is clear then, for 4PL to remain cost

effective, the 36K workspace limitaion must be lifted.

Looking at the cases where FORTRAN was faster than 4PL
it will be noted looping is found in every case. From the
start looping an 4PL program in the same manner one would

loop FORTRAN is disastrous. Taking the worst case situation

22

of Jacobi's eigenvalue method, APL was 59 times slower than
FORTRAN in solving for the eigenvalues of a 13 x 13 real
symmetric matrix. This method iterates to find the solution
and it seems that the setup time in APL is too costly when
solving systems larger than approximately 4 x 4, Looking at
a straight-line looping program, Runge-Kutta, it is noted
4PL's execution time is a linear function of the number of
points evaluated, increasing by powers of ten. One must
conclude that for algorithms that require iterations to
provide solutions APL provides a poor method for the user,
In the case of Runge~Kutta, a solution to this type of
problem may be found in a differential equation generic
function similar to the domino function used to solve linear
equations. With such a machine-language primative the most
common problem facing the scientist, the solution of a system
of linear differential eguations, would be solved with the

ease APL provides the user of domino.

Not wanting to repeat the statements of Foster, Breed
and Lathwell we would like to make the following points in
the hope of improving the use of 4APL in scientific numerical
analysis applications.
1) The 36K workspace limitation must be increased for
API to able to use its array function on large systems,
2) Clearly there are problems which are beyond the

capabilities of APL as it now exists. A change of



implementation is called for to provide faster
execution of programs requiring looping structures.
3) Although APL provides a fast, easy to code, means
of solving scientific problems, its ease of use and
code density are traded for execution time in
"numbef~crunching" problems found in physics and
engineering. For example the solid state physicist
solving 150 x 150 eigenvalue problems on an every-

day basis.

Although these tests point out that APL, in its present
form, is not competitive with -a Qompiled_FORTRAN program,
there are indications that it could be. With the addition
of a differential equation function, an increase in work-
space size (maybe even virtual workspaces), and a speed up
in execution time for looping structures, the language will
be able to provide cost effective solutions to the types of

problems to whitch its notation is so well suited.

APL LISTING FOR LAPLACE'S EQUATION

{11
(2]

vLAPLV
V Z«F LAP A;C
Ce(Zeh yx~F

S2xB<f /| ,A-2+C+0.25%xFx (104)+ (184 )+~ 104+2



APL LISTING FOR ROMBERG INTEGRATION OF FOURIER COEFFICIENTS

<3

(11
(2
£33
)
£s)
£6]
€7
8]

t9l
{10}
{111

YFOURIERLOLY

FOURIER QA ;850500

AeBe(11+MeSH0)p0x630,0

Sk | xALMI+RAOK 8

+(10#4+SW+OxB{ MM+ 1 J«RHOM 8)p2

1pLF

NexpPe11p0

YFOURIER ANALYSIS USING RHOMBERG INTEGRATION®,(2+N<1)pLF
MUl 01 = M, MI-DIP12.8" AFMT Af0]

™AL, I2,0] = O,M-0P12,8,0 BOUL,I2,M) = OLMO-0F12.8' ARMT(NIALNT:HN
3BI¥Y)

+(10#N+N+1)p8

™l101 = MM0-0F12.8' AFMT AT10]

0+610,1

APL LISTING FOR FOURIER COEFFICIENTS CONTINUED

<3

{13
(2]
£33
fu]
[s3

1]
(2]
[3]
tul

TRHOMLIIV

ZeRAOM 130 MAT T 0

UAT+( 208 YpK+QxI+1 ,0p810,1

MATLL 3T 1+(2%T) TRAP2 4.8

W2« I+1)p2

I+3

MATUT+1 3 1pK oK ((ual Y (14 (~T-1)MATL T3 1) = (T4 (=T- 1) RAATL T ) )¢
Taexl

Sy I+l+l

0«610,0,0p2+MATIN; 1]

VTRAP2LIIV

Z+N TRAP2 L3;DX
X+LT1340, (W )xDX+(~/LL2 11)4H,00630,1
+3+(SW=1),006X0,1
+0,2¢(DX#2)x(1,((¥~1)p2) ,1)+.xF4

Ze(DX32)x(1,((F=1)p2) , 1)+, xFB



APL LISTING FOR FOURIER COEFFICIENTS CONTINUED APL LISTING FOR SOLUTIONS TO LINEAR SYSTEMS OF EQUATIONS

VPALOY RESULT+VECTORBMATRIX
V Z+FA

(11 Z+((g Xx(10Mxx)) 201

VEBIOIV
v Z+FB

[11  Z«((G X)x(20MxX))+01

A G IS THE FUNCTION USED TO GENERATE THE FUNCTIONAL POINTS
n USED IN THE FOURIER ANALYSIS



. LISTING FOR RUNGE-KUTTA DIFFERENTIAL EQUATIONS

AUNGELIv

T ORUIGE ViRLIE2:E3 Y
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APL LISTING FOR JACOBIL'S EIGENVALUE METHOD
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APL LISTING FOR BAIRSTOW'S ROOT FINDING METHOD
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